Abstract -The purpose of this paper is to obtain the temperature field inside a cylinder filled in with a dense non scattering semi-transparent medium from directional intensity data by solving the inverse radiative transfer equation. This equation is solved in a first approach with the help of a discrete scheme and the solution is then exactly obtained by separating the physical set on two disjoint domains on which a Laplace transform is applied, followed by the resolution of a 1 st kind Fredholm equation.
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INTRODUCTION
The determination of a temperature field inside an axisymmetric semi-transparent medium from optical infrared measurements has been studied many decades ago, especially for gaseous media where the refractive index can be ignored, in the sense where it remains close to one for a large scale of wavelengths. Indeed, the energetic spectral and/or directional radiative flux emerging from such a medium allows the reconstruction of the internal thermal distribution generating this flux, and from this basic principle Milne [1] was a pioneer in retrieving the temperature field in the superficial area of the sun from directional and spectral intensities, followed by Chahine [2] who determined atmospheric temperature profiles from spectral outgoing radiances. A similar calculation was performed by Ben
Abdallah [3] who studied the gaseous atmosphere of a giant planet from spectral intensities, including an elegant regularisation method to take into account the presence of noisy data: in this latter case, a linearization of the Planck function was done to separate the spectral and temperature dependencies.
Siewert [4] extended an equivalent approach with the help of orthogonal functions development to the determination of the internal source in an absorbing and scattering sphere from directional emerging intensity data, and Li [5] achieved the restitution of the temperature field inside a cylindrical medium from emerging intensities with a standard functional minimization, ignoring the transmission refractive effects generally induced with specularly transparent reflecting surfaces, due here to a constant reflection factor. As mentioned before, in the most studies dealing with gaseous atmospheres, the refractive index of the medium is generally taken as one, so that no reflective and refractive effect can affect the transmitted intensities. In this latter situation, an exact solution can commonly be obtained with the help of a Laplace transform when no scattering occurs. A significant improvement was brought by Kocifaj [6] who took into account the long distance ray deviation due to the continuous refractive effects by solving simultaneously two inverse problems. More specifically devoted to the cylindrical geometry, the study of Liu et al. [7] allows similarly the reconstruction of absorption and temperature profiles inside gaseous axisymmetric flames. Considering two distinct but analogous problems, they reconstruct the absorption field by using an Abel equation and perform a standard minimisation for the temperature profile, due to the non constant absorption, and note that a conjugate gradient method taking into account the sensibility matrix gives in this special case accurate results when treating noisy data without any regularisation technique.
Nevertheless, for dense media such as glasses, of significantly higher absorption coefficients, the refractive index is much greater than one and such effects can no longer be ignored. Although several papers have been devoted to the restitution of the inner temperature field, or the radiative source field, for plane dense media parallel slabs so as for Cartesian and cylindrical geometry devices, [8] [9] [10] for instance who apply an objective functional minimisation mainly based on the conjugate gradient technique taking into account the sensibility matrix and looking at the noisy data influence on the numerical procedure, very little literature to our knowledge was interested in retrieving the temperature field inside cylindrical semi-transparent non gaseous media with specularly reflecting surfaces, from emerging intensity measurements.
Viskanta et al. [11] used restitution techniques from deep area optical measurements, but due to the particular geometry of the system, only spectral intensities where investigated. Generally devoted to the "best" way in regularising the experimental data for determining internal sources from emerging intensities, like in [12, 13] , these approaches for dense media do not take advantage of the particular properties of the operator governing the problem's physics, specially interesting in cylindrical geometry.
Ertürk et al. [10] applied three different regularisation techniques when retrieving an internal radiative source field inside three-dimensional device, or inverse boundary condition estimation. Since the discrete associated problem often reduces to a linear system of equations resulting from a Fredholm equation of the first kind, they deduce that the corresponding problem is ill-posed and need be regularized to avoid error amplifications. They use a truncated singular value decomposition (TSVD) and two related conjugate gradient methods which produce analogous and relatively accurate results for their problems, and conclude that a simple TSVD of easy computation is generally an efficient technique.
In the case of axisymmetric systems, most of the authors recommend to use both spectral and directional measurements: Natterer [14] and Sakami et al. [15] indicate that directional measurements do not allow the complete restitution of the internal temperature field because of refractive effects, and use spectral measurements to perform the complete reconstruction in a so-called "missing data problem". In spite of this, they indicate that such a technique may be limited because of the absorption spectrum sensibility, since dense materials have smooth absorption coefficient spectral fields in the transparency band. This major problem, i.e. a weak sensibility with respect to the absorption for dense media, can only give approximate temperature fields on a few numbers of points, including a priori information on the field.
That is why one should prefer directional monochromatic intensities when reconstructing a complete thermal field inside a dense cylinder.
In this paper, we determine the complete temperature field expression inside a cylinder of radius R filled with a dense semi-transparent medium of non unit refractive index nλ . We first solve the associated inverse problem by using a numerical approach. It is shown that a simple LU decomposition of the associated matrix gives accurate results only in a restricted area n R x λ ≤ and fails in the complement region n R x λ > , even for perfect theoretical non noisy outgoing intensities. This later observation crudely differs from what happens in media of unit refractive index such as gaseous atmospheres, where a simple LU decomposition gives exact results everywhere in the cylinder for non noisy data, and no regularization need be applied on the input data. When the refractive index is 1, a simple TSVD [9] for instance, gives accurate results also when adding perturbations in the input data set. Here, for refractive indices strictly greater than 1, a TSVD must be performed even with perfect non noisy input data to obtain acceptable results in the region n R x λ > , and only for relatively moderate refractive indices. The results are even accurate when the number of discrete nodes is lower than a threshold value (otherwise the method fails), strongly depending on the medium's refractive index. The scope of this article is then to understand why a regularization has to be performed on the global problem even in presence of perfect input data, contrarily to what happens for unit refractive indices, and will avoid the specific problem of regularizing the input data. To do so, the input data are considered as perfect non noisy data obtained from a direct calculation.
The exact solution of the integral equation governing the related temperature field is proposed by separating the whole problem into two disjoint calculations on two separate sets. This allows us to finally show that the problem does not belong to the "missing data problems", as frequently mentioned, although a discussion on the eigenvalues of the operator's kernel demonstrate why this solution is impossible to obtain in a practical way.
GEOMETRICAL AND PHYSICAL MODEL
One considers a cylinder of radius R filled with dense absorbing-emitting but non scattering semitransparent medium (STM), such as glass or crystal, mainly characterised by its spectral absorption coefficient κ λ and its spectral refractive index nλ . The medium (amorphous or not) being supposed made of dense bulk material without heterogeneity, is weakly or not scattering, and its absorption and refraction fields do not strongly depend on the inner temperature for relatively large temperature scales.
Furthermore, the absorption (and refraction) spectrum of dense media being extremely smooth on the major part of the semi-transparency band, spectral measurements of the emerging intensities emitted by the body will present an extremely bad sensitivity relatively to the wavelength, and angular collected monochromatic (simulated) data have been preferred to a spectral intensities set, at a wavelength where the lateral surface of the cylinder is not opaque.
The cylinder is submitted to a given spatial temperature field (function of the radial position r and the longitudinal one z along the cylinder's axis), and emits an infrared radiation which is collected and converted into emerging intensities, function of the spatial position, and also depending on the absorption coefficient, the refractive index and the temperature field. The directional intensities are collected in a tomographic plane perpendicular to the cylinder's axis at a given z, which allows the problem to be considered as one-dimensional, i.e. the emerging intensities at a given z are only depending on the geometric variable x due to the revolution symmetry.
Since the refractive index is assumed to be strictly greater than one, the reflection coefficients at the lateral specular surface between the semi-transparent medium and the surrounding environment, given by the Fresnel formulae, are function of the local position x. The geometrical path in the tomographic plane for a particular emerging ray consists in a complete series of broken lines as illustrated on at position x is given by the classical expression [16] (
In this expression, ( ) , and Eq. (1) is equivalent to the following integral equation
The unknown function is
, the useful data being the discrete set ( ) x g , where the mean reflection factor is defined by ( ) (
[ ]
In the previous expression, the subscript ⊥ stands for the reflection factor related to the perpendicular polarisation, while the subscript denotes the parallel The physical model being fully described, the following section shall be now devoted to the numerical discretization of Eq. (2) to obtain the temperature field ( ) r T .
DISCRETE NUMERICAL SOLUTION OF THE INTEGRAL EQUATION

Numerical Scheme
The continuous Eq. (2) is transformed into a linear system of N equations by using a spatial discretization. One defines N control volumes (cells) of depth ∆r, labelled i and whose centre is characterised by
In each cell, the temperature is supposed constant,
. This simply means that for a refractive index very close to 1, Defining the index t as
, while if t = N, it reduces to:
Hence Eqs. (3-4) can be transformed into the following linear system whose solution gives the unknown intensities:
Numerical results
In all what follows, the numerical applications will be done for a cylinder of radius R = 24 cm, filled with a semi-transparent medium characterised by its refractive index with the grid refinement. However, the complete temperature field is correctly evaluated for N lower than 27 in this particular situation. For 6 2 N ≤ and perfect data, the retrieved Planck function field cannot be distinguished from the exact Planck function at all internal point inside the medium, while as soon as 7 2 N ≥ , the retrieved field is of poor quality in the neighbourhood of the lateral surface of the cylinder.
This threshold value of the number of cells, below which the reconstructed field is correctly determined for perfect data, is strongly depending on the refractive index of the medium, as clearly shown on figures 4a and 4b. In these examples, the number of cells is set to dense media, the temperature field cannot be estimated in an important area of the cylinder when using a simple LU decomposition. This is particularly true for internal temperature fields of complex shape inside highly refracting media, when using a consequent number of data.
The previous numerical inversion procedure has been then applied to a noisy data set with
, where ( )
is a perfect non noisy data set obtained from a direct calculation, r a random number such that 1 r 1 -≤ ≤ and δ a parameter characterizing the noise intensity. The corresponding results, for the same internal temperature field and thermo-physical constants, are depicted on the two following figures 5a-b for various noise intensity parameters when the number of cells is 100
and 27 corresponding to the above determined threshold value. For a large number of cells, the numerical procedure is unable to produce satisfactory results even for an insignificant value of the noise intensity, while for a number of cells close to the threshold value, the results are acceptable on the partial area and belongs then to the class of missing data problems.
Solution by the SVD decomposition
Applying a singular value decomposition (SVD) of matrix C, i.e.
, where U and V are two orthogonal matrices, the solution of Eq. (5) writes: without any regularization procedure on the governing operator, even for perfect non noisy data, and 2) the presence of weakly noisy data significantly alters the above operator regularisation procedure in such a way that it necessarily implies an initial preconditioning of the useful perturbed data.
Fig 7a: retrieved Planck function when using a Fig 7b: retrieved Planck function when using a
To avoid at this stage a discussion on the possible techniques of data conditioning such as filtering, and moreover understand why such an operator regularisation even for non noisy data, is necessary, i.e. why a direct LU decomposition gives only a good solution on the range n R r λ ≤ , we shall determine in the next subsection the exact solution of the integral equation (2) when no perturbation is added to a perfect set of emerging intensity data. If, as suggested by a simple SVD for perfect non noisy data, there is an exact theoretical solution on the whole set R r 0 ≤ ≤ , this opens the way to studies whose scope is the complete restitution of a temperature field inside a cylinder filed with a dense STM in presence of noisy directional emerging intensity data from an experimental apparatus. 
EXACT SOLUTION OF THE INTEGRAL EQUATION
Formal exact solution
and introducing functions F and G defined by The boundary values of these functions can be written explicitly:
Eq. (10) 
With the help of the previous variables and functions changes, the right member of Eq. (10) can be reformulated under the exact form: where ' g is the derivative of the data set g. Equation (14) is the exact inverse solution of equation (2) .
Note that the complete data set g on the whole set [ ] (14) can be replaced by the strictly equivalent equation
where the h function is defined by . Note also that function h cannot be simply related to the experimental set g and cannot be applied at this stage from a practical point of view to determine the temperature field.
Numerical verification
From the exact expression (17) of function h it is easy to prove that Eq. (14) is verified at x = R. We present in this section the results obtained by solving numerically equation (14) with the numerical scheme presented in annex 1.
The restitution of the temperature field, so as the evolution of the function h, analogous to the data g set 
Discussion on the Kernels of the operator
The detailed behaviour of the exact ψ function with respect to the absorption coefficient is depicted on the figures 9a-b . Before examining the particular properties of Eq. (18), it is worth noting that its discrete form can be written as: 
, easily leads to the simplified equation
Eq. (21) 
It can be shown that they can be expressed as follows: 
is the hyperbolic cosine integral [18] .
Since Chi is a strictly growing function for x > 0, 
where lem commonly stands for the usual limit in mean [19] . The ( ) 
an N n ∈ are the Fourier coefficients of ψ relatively to the system ( )
Considering one-normed eigenfunctions, i.e. functions such that 1 has a high magnitude for large absorption coefficients, while the other eigenvalues rapidly tend towards zero. It is then not surprising that the convergence of the eigenvalues is extremely slow. For the considered example, the convergence is only reached for the four first eigenvalues with a 4000 points quadrature. At such an order, because of multiple round-off errors, a Given, Householder or Jacobi reduction completely fails in finding the eigen-elements, and a SVD appears to be the best technique in finding the complete eigen-elements. Nevertheless, due to the extremely slow convergence of the eigenvalues up to a very high quadrature order, the partial sum ( ) ( )
is not correctly evaluated in most cases.
Final remarks
Now, one knows that an exact solution of the problem exists and that no spectral intensities theoretically need to be added to the directional ones to obtain a complete solution on the set
. This means that determining the temperature field inside a cylinder with only directional intensity data, does not belong to the class of "missing data" problem, and that it has a theoretical exact solution. However, from a practical point of view, this exact solution is unreachable for at least two reasons: the experimental data are never perfect, and particularly to this case, the problem is extremely ill-posed because of the intrinsic properties This limitation is essentially critical for media with high refractive indices and of internal temperature fields of complex shape. On the other hand, for usual dense media with indices not too far from 1.5, and smooth internal temperature fields, a SVD and zeroing works very well in practice with no noisy data. 
That is, after a simple integration:
which is an integral equation of the form
, where G is a constant for a given wavelength and K is the kernel depending only on one variable for the same wavelength. Then a discrete form of Eq. (27) can easily be obtained, for several wave lengths where the absorption sensibility is significant.
CONCLUSION
In this paper, we proved than an exact solution of the problem which consists in determining the temperature field inside a cylinder filled with a dense semi-transparent medium of non unit refractive index, only from directional emerging intensity data, can be theoretically found in the complete domain 
Annex 2
With the help of a numerical quadrature, the eigen-elements are solution of the discrete equation 
